We encode the many-body wavefunction of a Bose-Einstein condensate (BEC) in the Nparticle sector of an extended catalytic state. This catalytic state is a coherent state for the condensate mode and an arbitrary state for the modes orthogonal to the condensate mode. Going to a time-dependent interaction picture where the state of the condensate mode is displaced to the vacuum, we can organize the effective Hamiltonian by powers of N −1/2 . Requiring the terms of order N 1/2 to vanish gives the Gross-Pitaevskii equation. Going to the next order, N 0 , we derive equations for the number-conserving Bogoliubov approximation, first given by Castin and Dum [Phys. Rev. A 57, 3008 (1998)]. In contrast to other approaches, ours is well suited to calculating the state evolution in the Schrödinger picture; moreover, it is straightforward to generalize our method to multi-component BECs and to higher-order corrections.
FIG. 1. Phase-space representations for (a) a coherent state with complex amplitude α and (b) a number state with particle number N . A number state is distributed phase-symmetrically on the phase space, and no definite phase can be attributed to it; in contrast, a coherent state has a well-defined phase.
condensate is in a trapping potential, where the Goldstone mode is a mixture of the condensate mode and modes orthogonal to it and thus cannot be removed easily. The solution to getting rid of the unphysical Goldstone mode is to adhere to the fact that the condensate has a fixed number of particles, i.e., by using a Bogoliubov approximation where particle number is conserved.
Many authors have considered the number-conserving Bogoliubov approximation. Girardeau and Arnowitt [6] were the first to propose a theory for the ground state and excited states of many bosons based on a particle-number-conserving (N -conserving) formulation of the Bogoliubov quasiparticles. C. W. Gardiner [7] introduced a somewhat similar approach to Girardeau and Arnowitt's, but with an emphasis on the time-dependent case; C. W. Gardiner et al. [8] then applied this approach to the kinetics of a BEC in a trap. Castin and Dum [9] [10] [11] gave a modified form of the Bogoliubov Hamiltonian where the terms that break the U (1) symmetry are removed by a projection operator. Sørensen [12] generalized the Castin-Dum result to the two-component case. S. A. Gardiner et al. [13] [14] [15] improved the Castin-Dum result in the multi-component case using an expansion in powers of the ratio of noncondensate to condensate particle numbers. Leggett [16, 17] used a number-conserving BCS-like ansatz to discuss the properties of the ground state of a homogeneous BEC. Several authors [18, 19] discussed the truncated Wigner approximation, which provides a way to implement a number-conserving Bogoliubov approximation in a phase-space description.
A number-conserving Bogoliubov approximation yields qualitatively different results from one that fails to conserve particle number; among these differences are the following. Villain et al. [20] removed the "zero-momentum mode" from the Boboliubov Hamiltonian and thereby showed that the collapse time of the phase of a BEC is relatively short and, in some cases, vanishes in the limit of a large number of atoms. Danshita et al. [21] investigated collective excitations of BECs in a box-shaped double-well trap using the number-conserving Bogoliubov approximation. Trimborn et al. [22, 23] investigated the artificial number fluctuations in methods that ignore the fixed particle number and showed that these lead to ambiguities and large deviations in the Bose-Hubbard model. Oleś et al. [24] predicted large density fluctuations in a two-component BEC close to the phase-separation regime using an ansatz in which the number of atoms in each component is fixed. Schachenmayer et al. [25] studied the collapse and revival of interference patterns in the momentum distribution of atoms in optical lattices using a number-projection method. Billam et al. [26] went beyond the number-conserving Bogoliubov approximation and studied large depletion of the condensate by considering the coupled dynamics of the condensate and noncondensate fractions.
We return to the number-conserving Bogoliubov approximation in this paper and develop a particularly transparent method of deriving the relevant equations. Our approach to a numberconserving Bogoliubov approximation is to "encode" the many-body wavefunction of the BEC in the N -particle sector of a state we call an extended catalytic state (ECS), by which we mean a coherent state for the condensate mode and a state to be determined by the dynamics for the orthogonal modes of the atoms. Using a time-dependent interaction picture, we move the coherent state to the vacuum, thus making all the field operators formally small compared to N 1/2 . The resulting Hamiltonian can then be organized by powers of N −1/2 . Requiring the terms of order N 1/2 to vanish in the interaction-picture evolution equation gives the GP equation for the condensate wavefunction. Going to the next order in the evolution equation, N 0 , we derive equations equivalent to those found by Castin and Dum [10] for a number-conserving Bogoliubov approximation. In contrast to other approaches, ours allows one to calculate the state evolution in the Schrödinger picture, and it also has advantages in considering higher-order corrections and extensions to multi-component cases.
In Sec. II we introduce the ECS (Sec. II A) and the interaction picture in which the condensate mode is displaced to vacuum (Sec. II B). We then derive the equations that govern the ECS dynamics in this interaction picture (Sec. II C). The GP equation and the Bogoliubov Hamiltonian arise naturally as we organize the interaction picture Hamiltonian by powers of N −1/2 . We make the Bogoliubov Hamiltonian number conserving by adding to it an auxiliary term that does not change the dynamics in the N -particle sector. Finally, we transform back to the Schrödinger picture and find a particularly simple form for the ECS dynamics at Bogliubov order (Sec. II D). In Sec. III we generalize our approach to two-component BECs (Sec. III A) and show how spin squeezing is generated in two-component systems (Sec. III B). Section IV summarizes the results of the paper.
The material in this paper is taken almost entirely from Z. Jiang's PhD dissertation at the University of New Mexico [27] .
II. EXTENDED CATALYTIC STATE AND NUMBER-CONSERVING BOGOLIUBOV APPROXIMATION
Quantum optics teaches that coherent states are easier to deal with than number states, and what is true there is true here as well. Indeed, the usual mean-field approximation to BEC evolution is based on the assumption that the BEC is in a coherent state of a condensate mode [28] . A problem with this approach is that the number of particles in a BEC is usually fixed, whereas coherent states are superpositions of states with different numbers of particles. A related problem is that assigning a coherent state to a BEC breaks its phase symmetry, thus causing problems in developing the Bogoliubov approximation.
A. Encoding the state of a BEC in an extended catalytic state Our philosophy for dealing with these problems in a BEC that has a fixed particle number N is to extend the BEC state |ψ N to a state |ψ ecs , for which the condensate mode is in a coherent state, but the N -particle sector is the same as |ψ N within a normalization constant. Consider an arbitrary state |ψ N with N particles, for which we have the relative-state decomposition in the number basis of the condensate mode,
where the kets labeled by 0 and ⊥ apply to the condensate mode and to all the modes orthogonal to the condensate mode, respectively. The operator N ⊥ is the particle-number operator for the orthogonal modes. The state |Ω M for the orthogonal modes, which has M particles in the orthogonal modes, is not necessarily normalized. The key to our approach is that the state (2.1) can be written as 2) where P N is the projection operator onto the N -particle sector and
is an (unnormalized) state of the modes orthogonal to the condensate mode. We now introduce the extended catalytic state, 4) which is related to the physical state by
The extended catalytic state is a direct product of a coherent state |α 0 in the condensate mode and an unnormalized state |Ω ⊥ of the orthogonal modes. Notice that once α is specified, the extended catalytic state has a one-to-one correspondence with the physical state. The structure of the extended catalytic state allows us to study the dynamics of a BEC in the Schrödinger picture, and we will see that the structure is preserved throughout the evolution in the Bogliubov approximation. For a pure condensate with no depletion of the condensate mode, the modes orthogonal to the condensate mode are in vacuum, and the overall state has the form
In this case we have
Generally one expects that a dilute-gas BEC has a state close to that of a pure condensate, in which case the noncondensate state |Ω ⊥ is close to the vacuum; we want to develop an approximate description based on this expectation. To do so, notice that the encoding into an extended catalytic state works for any value of α. In other words, one has the freedom to choose α at will; after the projection, all values of α yield the same physical state. Nonetheless, we stick to the choice |α| = N 1/2 , for the reason that we make approximations in deriving the dynamics of |ψ ecs and the projection onto the N -particle sector can amplify the errors due to these approximations. To keep these errors under control, we center the number distribution of the coherent state at the actual atomic number N . The phase of α is yet another matter, which we discuss further below. The BEC Hamiltonian conserves particle number and thus commutes with the particle-number operator. As a consequence, the evolution operator U(t) commutes with P N , allowing us to move the evolution operator through the projection onto the N -particle sector so that it acts directly on the extended catalytic state:
To find |ψ N (t) , one solves for |ψ ecs (t) = U(t) |ψ esc (0) and then projects onto the N -particle sector.
B. Interaction picture
The first step in developing the Boboliubov approximation is to go to an interaction picture in which the condensate mode is displaced from a coherent state to vacuum. To do this, we start with a condensate mode defined by a time-dependent single-particle state |φ(t) , which has wavefunction
The Schrödinger-picture field operator Ψ(x) satisfies the commutation relation
The annihilation operator for the condensate mode is related to the Schrödinger-picture field operator by
Here, in the final two equalities, we introduce a shorthand notation for the integral as bra-ket inner products between a single-particle state and the field operator. The creation operator for the condensate mode is
Here and throughout this section, complex conjugation in the single-particle Hilbert space is defined relative to the position representation. The bra-ket notation introduced here, though ad hoc, is useful for manipulating the complicated expressions that arise as we proceed, more so once we get to the two-component case in Sec. III. Notice that the annihilation and creation operators have two different bra-ket forms, both of which are used in our treatment. The field operator can be written as 13) where Ψ ⊥ (x, t) is the field operator with the condensate mode excluded. In the Schrödinger picture, Ψ(x) is time independent, but the split between a condensate mode φ(x, t) and orthogonal modes introduces time dependence because the condensate mode is changing in time; hence, both a φ(t) and Ψ ⊥ (x, t) are explicitly time-dependent operators in the Schrödinger picture. In terms of our shorthand notation, we can write
where
is the projector onto the single-particle space orthogonal to the condensate mode, with P (t) = |φ(t) φ(t)| being the projector onto |φ(t) . Notice that Q * (t) = 1 1 − P * (t) = 1 1 − |φ * (t) φ * (t)|. The extended catalytic state for a pure condensate in the time-dependent condensate mode 16) where the displacement operator D α, φ(t) for the condensate mode, which we usually abbreviate as D(t), is defined as
17)
The state (2.16), which describes a pure condenstate with no depletion, is the one we perturb about in developing our approximate description.
We can now introduce the desired interaction picture as the one where the condensate mode is displaced to vacuum; i.e., states transform to
is the evolution operator in the interaction picture. The Schrödinger-picture evolution operator U(t) obeys the Schrödinger equation 20) where H(t) is the (possibly time-dependent) BEC Hamiltonian. The time dependence of the condensate wavefunction φ(x, t), which enters into the displacement operator D α, φ(t) through the annihilation and creation operators, a φ(t) and a † φ(t) , is to be determined. The interaction-picture evolution operator obeys the equation
The time derivative of the displacement operator is
Putting this expression into Eq. (2.21), we have
where the interaction-picture Hamiltonian reads
Equivalently, we have
In the interaction picture the field operator takes the form
An expansion of H int (t) in powers of 1/|α| = 1/N 1/2 is a good approximation as long as the field operator Ψ(x) is small relative to the interaction-picture displacement α φ(x, t), i.e., more formally, as long as the one-particle density matrix is small in the sense that
This requirement is satisfied as long as the system is a condensate. We now turn to using the expansion in powers of 1/N 1/2 to derive the number-conserving Bogoliubov approximation.
C. Number-conserving Bogoliubov approximation
In second-quantized form, the model Hamiltonian for the BEC is 28) where the first term is the second-quantized Hamiltonian for particles trapped in a potential V (x, t) and the second term represents the two-body scattering energy. The only explicit time dependence in the Hamiltonian (2.28) comes from a possible time dependence in the trapping potential V (x, t). For our expansion in powers of 1/|α| = 1/N to work, we must have that g|α| 2 is of order N 0 . Going to the interaction picture, we have
where we neglect terms of order N −1/2 or smaller. The c-number term (2.30), of order N , is, in the time-independent case, the mean-field energy of the BEC; its only effect, in general, is to introduce a global phase, so we ignore it henceforth.
By requiring the linear term (2.31), of order N 1/2 , to vanish, we get 33) which is the celebrated Gross-Pitaevskii equation. The single-particle GP Hamiltonian is
Notice that the normal ordering has an effect only on the lower-right corner of the matrix H bog .
As shown by Lewenstein and You [29] , H bog has a nilpotent subspace, where phase diffusion takes place. Such phase diffusion is not physical, but rather is a consequence of the arbitrary phase assigned to the condensate wavefunction, i.e., to α. This problem was addressed by introducing number-conserving approaches [6, 7, 10] . Particularly in the work of Castin and Dum, a systematic expansion of the field operators was used in deriving the equations for the number-conserving Bogoliubov approximation. The aim is to eliminate the artificial nilpotent subspace that gives rise to the phase diffusion. Here we solve the same problem by introducing an additional contribution to the Hamiltonian, an auxiliary, explicitly time-dependent, Schrödinger-picture Hamiltonian F(t), which does not affect the N -particle sector of |ψ ecs (t) and thus keeps the physical state |ψ N (t) unchanged, i.e.,
With this term F(t), we can solve the phase diffusion problem by eliminating the nilpotent subspace of H bog .
To determine the form of F(t), we must go to the Bogoliubov level of approximation, but for now let us suppose F(t) takes the form
is the total particle-number operator, and N ⊥ = N − a † φ a φ is the particle-number operator for all the modes orthogonal to the condensate mode, i.e., the depletion number operator. The timedependent parameter η(t), which is to be determined, is of order N −1 . The operator F ⊥ , also to be determined, is of the order N −1/2 and is a linear function of the annihilation and creation operators of the modes orthogonal to the condensate mode; it thus commutes with a φ and a † φ .
The first term in Eq. (2.39) clearly satisfies Eq. (2.38). For the other two terms, we have
where in the first equation we use αa †
As long as the condensate mode stays in a coherent state with amplitude α, these two terms do not affect the physical state |ψ N (t) . We show that the condensate mode does remain in a coherent state at Bogoliubov order in Sec. II D.
An astute reader will have noticed that the auxiliary Hamiltonian (2.39) is not Hermitian. This is not a problem at Bogoliubov order, however, because the only nonHermitian term in F(t) is N ⊥ F ⊥ , which, being of order N −1/2 , can be neglected in the Bogoliubov approximation (order N 0 ).
Going now to the interaction picture, we have
where the identity |α| 2 = N is used to cancel several terms. If we now discard terms of order N −1/2 or smaller (in doing so, recall that interaction-picture field operators are order N 0 ), we obtain
Here we normally order the creation and annihilation operators of the condensate mode in preparation for incorporating F int into the main Bogoliubov Hamiltonian; this normal ordering introduces the c-number term −η|α| 2 /2. This term could be important as a second-order correction to the condensate energy, but it only adds an overall phase to the evolving quantum state, so we neglect it henceforth. In Eq. (2.45), we introduce the bra-ket notation of Eqs. (2.11) and (2.12). The modified (number-conserving) Bogoliubov Hamiltonian then takes the form
To eliminate the phase diffusion, we choose
and a Hermitian
It is now a tedious calculation to show that
Translating this into matrix notation, we get
where the 2 × 2 matrix is
In Eqs. (2.47), (2.49), and (2.51), we use the bra-ket notation, which is the easiest way to carry out the algebraic manipulations; for this purpose, it is useful to notice that Ψ φ
The bra-ket manipulations generalize straightforwardly to the two-component case considered in Sec. III.
The number-conserving Bogoliubov Hamiltonian (2.46) now reads
with
This number-conserving Hamiltonian is the same as that found by Castin and Dum [10] using a systematic expansion of the field operators. The two approaches give the same dynamics for the Bogoliubov approximation and thus are equivalent to order N 0 . The difference between the two approaches is that Castin and Dum derive their results in the Heisenberg picture, whereas we use the Schrödinger picture and a closely related interaction picture. To summarize our approach, we move the coherent state of the condensate mode to vacuum by going to a time-dependent interaction picture. The interaction-picture Hamiltonian, when organized by powers of N −1/2 , gives the GP equation at order N 1/2 and the conventional Bogoliubov Hamiltonian H bog at order N 0 . The conventional Bogoliubov Hamiltonian suffers from the artificial problem of phase diffusion because a zero-momentum mode arises from choosing a phase for the condensate wavefunction. Without affecting the N -particle sector, we remove the phase diffusion problem and derive the numberconserving Bogoliubov Hamiltonian (2.55) by introducing the auxiliary term (2.39).
It is useful below to divide the number-conserving Bogoliubov Hamiltonian (2.54) into its two natural parts, H ncb = H gp + K. Here
is the GP part of the number-conserving Bogoliubov Hamiltonian, and
describes the additional coupling of the orthogonal modes coming from two-body scattering. Notice that once K is written in the second form of Eq. (2.58), we can omit the projectors Q and Q * from K .
We find it useful to introduce an orthonormal basis of single-particle states at t = 0, {|χ j (0) }. We choose |χ 0 (0) = |φ(0) ; the j ≥ 1 states are then a complete set of modes orthogonal to |φ(0) . We evolve all these states forward in time using the GP Hamiltonian H gp (t), i.e.,
where the single-particle GP evolution operator U gp (t) is the solution of
The condensate mode |φ(t) = |χ 0 (t) satisfies Eq. (2.60) by virtue of the GP equation (2.33) .
The corresponding annihilation and creation operators are
The field operators with the condensate mode excluded can be written in our bra-ket notation as
In terms of these time-dependent single-particle states, the coupling Hamiltonian (2.58), with all the time dependence indicated explicitly, takes the form
(2.66)
D. Dynamics in the Bogoliubov approximation
We turn now to the dynamics of the BEC within the Bogoliubov approximation. We begin by recalling that in the Bogoliubov approximation, an approximate interaction-picture evolution operator is constructed from the number-conserving Bogoliubov Hamiltonian (2.54), i.e.,
67)
The corresponding interaction-picture evolution is |ψ int (t) = U int (t) |ψ int (0) . Our first task is to confirm that if the condensate mode begins in a coherent state, it remains in a coherent state with the same complex amplitude α under the evolution of the number-conserving Bogoliubov Hamiltonian (2.54). For this purpose, it is instructive to use Eqs. (2.56) and (2.58) to divide the field operators in the number-conserving Bogoliubov Hamiltonian into a contribution from the condensate mode and a contribution from the orthogonal modes:
is the Hamiltonian for the orthogonal modes; we can use H bog instead of H ncb because the projectors Q and Q * have no effect. Using the GP equation (2.33), we can rewrite Eq. (2.68) as
from which we can immediately verify the commutator identity
In the Heisenberg picture, we have
from which we conclude that
The conservation of a φ in the Heisenberg picture implies that in the interaction picture, if the condensate mode begins in vacuum, it remains in vacuum. Equivalent to this statement is the statement that in the Schrödinger picture, the condensate mode is always in the coherent state D α, φ(t) |vac 0 = |α, φ(t) 0 . As a result, Eq. (2.38) is always satisfied, and the auxiliary Hamiltonian F does not affect the physical state. Notice that this means that in the extended catalytic state, the condensate mode does not become entangled with the other modes. When we project the extended catalytic state to the N -particle sector to obtain the physical state of the BEC, however, entanglement makes its appearance.
To get into the Schrödinger picture, as we promised to do, requires some additional formal apparatus. The effort is worthwhile, however, because it reveals the role of the GP part of the evolution at Bogoliubov order and identifies the most instructive formulation of the Bogoliobov evolution. We begin by defining an evolution operator U gp (t), which changes according to the GP part of the number-conserving Bogoliubov Hamiltonian,
It can be seen that
whose solution can be written in terms of the single-particle GP evolution operator
in more symbolic form, we have
This is the unsurprising conclusion that the field operator evolves under the GP part of Bogoliubov Hamiltonian according to the single-particle GP evolution. Notice that U gp (t) does not mix creation and annihilation operators. Consequences of Eq. (2.77) are the following:
Equation (2.78) says that a φ is conserved under the GP evolution. More generally, Eq. (2.79) is the statement that the annihilation operators for all the orthogonal modes propagated using the single-particle GP Hamiltonian [see (2.62)] are also conserved, just as in Eq. (2.78), i.e.,
The evolution operator U gp (t) is very close to being a formal device: it translates between the natural modal descriptions that apply at different times as the single-particle states evolve under the single-particle GP Hamiltonian. Indeed, it is easy to see that
where |n j , χ j (t) = [a † j (t)] n j |vac / n j is the state with n j particles in the single-particle state |χ j (t) . This gives us U gp (t) as an explicit basis transformation:
We find it useful to have available the restriction of U gp (t) to the orthogonal modes:
All this suggests going to an interaction picture relative to the GP part of the Hamiltonian and solving for the evolution operator
which obeys the evolution equation
: .
(2.86)
Here the matrix of symplectic structure is
The projectors Q(0) and Q * (0) can be omitted when the matrixK (t) is inserted into Eq. (2.86). We can get a better idea of what the Hamiltonian (2.86) means by writing it in terms of the time-dependent single-particle states considered in Eqs. (2.60), (2.62), and (2.63):
(2.89)
The form (2.89) can be obtained directly from applying Eq. (2.80) to Eq. (2.66), or it can be obtained by the route through Eq. (2.88), which shows that the role of the single-particle GP evolution operators is to transform the coupling matrix elements into the time-dependent basis {|χ j (t) }.
We can now write the Schrödinger-picture evolution operator as
Using Eq. (2.78), we have U † gp (t)D α, φ(t) U gp (t) = D α, φ(0) , and noting that V(t) only acts on the orthogonal modes, we can remove the displacement operators from the evolution operator, obtaining
The upshot of all this is that the Schrödinger-picture evolution involves, first, evolution of the orthogonal modes, with fixed creation and annihilation operators, under the Hamiltonian (2.89) and, second, translation of the mode structure to the time-dependent modes evolved using the single-particle GP Hamiltonian. The displacement of the condensate mode to vacuum is, as we anticipated, a formal device for developing the expansion in powers of 1/|α| = 1/N 1/2 ; it disappears from the final Schrödinger-picture evolution.
Suppose now that, in accordance with our general assumptions, the initial extended catalytic state is |ψ ecs (0) = |α, φ(0) 0 ⊗ |Ω(0) ⊥ . Then V(t)|ψ ecs (0) = |α, φ(0) 0 ⊗ V(t)|Ω(0) ⊥ , since V(t) only acts on the orthogonal modes. The operator U gp (t) translates this state to the modes that apply at time t, giving
To find the physical state at time t, one projects the extended catalytic state onto the N -particle sector, as specified by Eq. (2.8), which gives
Here P ⊥,M (t) projects onto the M -particle sector of the modes orthogonal to the condensate mode at time t. Notice that M does not have to equal M because V(t) is not number conserving.
III. TWO-COMPONENT BECS
In Sec. II we discussed how to derive the number-conserving Bogoliubov approximation for a single-component BEC by going to an interaction picture where the condensate mode is displaced to vacuum. In this section we show that it is a simple task to generalize our method to multicomponent BECs. We do the two-component case as an example, but the generalization to many components is straightforward.
We are certainly not the first to consider a number-conserving Bogoliubov approximation for the multi-component case. Sørensen [12] generalized the Castin-Dum result to the two-component case, and this facilitated discussions on spin squeezing in BECs [30] [31] [32] [33] . S. A. Gardiner et al. [13] [14] [15] improved the Castin-Dum and Sørensen results by using an expansion in powers of the ratio of noncondensate to condensate particle numbers, which is advantageous for large depletion. Compared to these previous studies, our approach for the multi-component case is distinguished mainly by the ability to carry over the single-component case with very little modification, essentially a generalization to a spinor notation for the several components.
A. Number-conserving Bogoliubov approximation for two-component BECs
In the two-component case the condensate wavefunction, which is generally a single-particle state that is entangled between the translational and internal degrees of freedom, takes the form
where σ, which takes on values 1 and 2 in the two-component case, labels the hyperfine levels and where |α 1 | 2 + |α 2 | 2 = |α| 2 = N , with N being the total number of particles. The states |1 and |2 are internal states of the bosonic atoms, which we refer to as hyperfine levels because that would be a typical situation in a dilute-gase BEC. In the subspace spanned by |φ 1 ⊗ |1 = |1, φ 1 and |φ 2 ⊗ |2 = |2, φ 2 , the single-particle state that is orthogonal to the condensate mode is
Notice that
The field operator that destroys a particle in internal level σ at position x is Ψ σ (x). In our shorthand bra-ket notation for field operators, we have
In the final form, we extend our notation by introducing a total field operator
which is a spinor field operator, including both spatial and internal degrees of freedom. It gives the hyperfine-level field operators according to σ | Ψ = |Ψ σ ; notice that since Ψ †
We can also write
The annihilation and creation operators that destroy or create a particle in internal level σ with spatial wavefunction ψ(x) are
The annihilation operators for the entangled states |φ and |φ are thus
The field operator for the atoms in hyperfine level σ can be written as
The total field operator can be written in a variety of forms,
= a φ(t) |φ(t) +ā φ(t) |φ(t) + |Ψ ⊥ ⊥ (t) (3.14)
= a φ(t) |φ(t) + |Ψ ⊥ (t) , (3.15) where
is the total field operator with modes |φ and |φ removed and
is the total field operator with only the condensate mode removed. The projectors onto and orthogonal to the condensate mode, 
The physical state is obtained by projecting onto the N -particle sector.
In the two-component case the model Hamiltonian for the N atoms is
The diagonal terms of the Hermitian matrix ω στ give the energies of the internal levels, and the off-diagonal terms give the single-particle coupling between the two levels. The real, symmetric matrix g στ describes the scattering of the atoms in each component off one another and the crossscattering between components. Since the single-particle terms are trivial to treat, the really new effect comes from the cross scattering described by g 12 . The next step is to go to the interaction picture where the condensate mode is displaced to vacuum, just as in Eq. (2.18). In this interaction picture, the field operators transform according to
thus allowing an expansion in powers of 1/N 1/2 = 1/|α|. We can write this transformation more abstractly as
The interaction-picture Hamiltonian, as in Eq. (2.24), is given by
The time derivative of the condensate state is
Putting all this together, we get the interaction-picture Hamiltonian to Bogoliubov order, i.e., order N 0 , 27) where the single-body translational Hamiltonians are
Just as for a single component, we can neglect the c-number, mean-field-energy term. By requiring the term of order N 1/2 = |α| to vanish, we get a pair of coupled GP equations,
(3.29)
Notice that these are best thought of as coupled equations for the unnormalized wavefunctions, α 1 φ 1 and α 2 φ 2 . It is often convenient to have the two GP equations written out separately as
where the GP Hamiltonians are
(remember that ω 21 = ω * 12 and g 21 = g 12 ). It is also convenient to compactify the equations in terms of spinors relative to the two hyperfine levels so that we can take advantage of our bra-ket notation,
Recognizing that the spinor in Eq. (3.33) is the spinor representation of the state α|φ , we can write the coupled GP equations in the very compact form
where it is assumed, as our formalism requires, that α does not change in time.
The coupled GP equations (3.31) and (3.32) imply that
(3.37)
The first of these ensures that |α| 2 φ | φ is conserved; since we require α to be a constant, we have that φ | φ is conserved, as is implied directly by the compact GP form (3.35). Moreover, our formalism assumes that |φ 1 and |φ 2 remain normalized to unity, implying that any temporal changes in |α 1 | 2 φ 1 | φ 1 and |α 2 | 2 φ 2 | φ 2 are incorporated into the magnitudes |α 1 | 2 and |α 2 | 2 ; this simplifies Eqs. (3.36) and (3.37) to
Notice also that we can always move any phase changes in α 1 and α 2 into |φ 1 and |φ 2 ; this means that we can always choose α 1 and α 2 to be real. If the internal levels are eigenstates of the single-particle Hamiltonian, there is no single-particle coupling of the internal levels, i.e., ω 12 = ω * 21 = 0. One often uses transient, strong coupling of the internal levels to induce transitions between the internal levels. This occurs on timescales much shorter than that of the nonlinear terms in the GP equation and can be treated separately as a sudden single-particle effect while ignoring the nonlinear terms; the result is a sudden change in α 1 and α 2 while φ 1 (x) and φ 2 (x) remain unchanged. Thus the single-particle coupling terms can generally be omitted when analyzing BEC dynamics; we retain them for completeness in our general development of the Bogoliubov Hamiltonian.
Before moving on, however, we note that if ω 12 = ω * 21 = 0, Eq. (3.38) implies that |α 1 | and |α 2 | are constant in time. Since we can move any phase changes in α 1 and α 2 into |φ 1 and |φ 2 , we can assume that α 1 and α 2 are constants, which simplifies Eq. (3.39) to an equation for the change in the overlap of |φ 1 and |φ 2 :
Furthermore, it is easy to see from Eq. (3.33) that under these circumstances, |φ(t) satisfies the compact GP equation:
The Bogoliubov Hamiltonian governing the dynamics in the interaction picture is given by Eq. (3.27). In 4 × 4 matrix form, we have 42) where the matrix H bog takes the form
(3.43) To get back to the compact spinor notation, we introduce, along with the matrix (3.34), two other matrices that operate in the spinor space defined by the hyperfine levels |1 and |2 :
With these matrices, we have
Notice that since Φ is diagonal and G is real and symmetric, ΦGΦ * and Φ * GΦ are both Hermitian, and they are transposes and complex conjugates of one another; ΦGΦ and Φ * GΦ * are both symmetric, and they are complex conjugates and Hermitian conjugates of one another. Using our total field operator and interpreting the 2 × 2 submatrices as operators in the space of the internal levels, we can write the Bogoliubov Hamiltonian in the suggestive form, identical to that for a single component,
To eliminate phase diffusion in the condensate mode, we now introduce the auxiliary (nonHermitian) Hamiltonian F in exactly the same form it has in the single-component case [cf. Eq. (2.39)],
The coefficient η and the operator F ⊥ = F † ⊥ are defined in analogy to the single-component case,
and
where Q|Ψ = |Ψ ⊥ is the total field operator with the condensate mode excluded [see Eq. (3.17)].
As in the single-component case, η is of order 1/N and F ⊥ is of order 1/N 1/2 . The argument that the auxiliary Hamiltonian F(t) does not change the evolution in the N -particle sector, as long as the condensate mode stays in a coherent state with amplitude α, is the same as that given in the single-component case in Sec. II C.
The transition to the interaction picture goes exactly as in the single-component case, yielding Eqs. (2.44) and (2.45) at Bogoliubov order N 0 . Dropping the c-number term from that result, we find the analog of Eq. (2.51):
Translating this result to matrix form of symplectic structure, we have
The number-conserving Bogoliubov Hamiltonian matrix assumes the form
Using the same strategy as in the single-component case, we have derived the number-conserving Bogoliubov Hamiltonian (3.56) that governs the dynamics of a two-component BEC in the interaction picture. This Hamiltonian has the same form as the Hamiltonian (2.55) that applies in the single-component case; the difference is that here Φ, G, Q, and H gp are themselves matrices. Our result conforms with Eq. (3.17) in [12] , but in a more compact form. This compactness is a major advantage in generalizing to the multi-component case.
As in the single-component case, it is useful to divide the number-conserving Bogoliubov Hamiltonian (2.54) into its two natural parts, H ncb = H gp + K. The GP part is
The additional coupling of the orthogonal modes, coming from two-body scattering, is
(3.60)
The demonstration that at Bogoliubov order, if the condensate mode begins in a coherent state, it remains in a coherent state can be repeated word for word from the single-component case considered at the beginning of Sec. II D, and this shows that the auxiliary Hamiltonian F(t) of Eq. (3.47) does not change the evolution in the N -particle sector.
The Schrödinger-picture dynamics can be developed using exactly the same approach and symbology we used in the single-component case, beginning with Eq. (2.74) and running through the end of Sec. II D. In particular, the Schrödinger-picture evolution operator can be written as in Eq. (2.91). The operator U gp (t) evolves according to the GP part of the number-conserving Bogoliubov Hamiltonian, as in Eq. (2.74), and has the explicit form (2.82). The operator V(t) obeys the evolution equation (2.85) , where the coupling HamiltonianK(t) is defined by Eq. (2.86). The matrix (2.87) generalizes according to Eq. (3.60):
In terms of a complete set of single-particle states orthogonal to the condensate mode, the coupling Hamiltonian takes on the explicit form, Despite the formal similarity of the single-and two-component cases, there is an important difference, which involves the special orthogonal mode |φ(t) of Eq. (3.2). In the case of most interest, when there is no single-particle coupling between the internal levels, i.e. ω 12 = ω * 21 = 0, which we specialize to throughout this subsection, we can assume, as we discussed in Sec. III A, that α 1 and α 2 are constants in time, and thus the mode |φ of Eq. (3.2) satisfies the GP equation (3.41) . This allows us to make |φ(t) one of the time-dependent modes orthogonal to the condensate mode |χ 0 (t) = |φ(t) ; it is convenient to choose |χ 1 (t) = |φ(t) . If we further neglect the coupling of |φ to the other orthogonal modes, the coupling Hamiltonian (3.62) reduces tõ
where we recall that a 1 = a 1 (0) =ā φ(0) , and where we introduce the coupling parameter 
In the first form,ξ
is the dimensionless integral of the coupling parameter. In the second form,
is the single-mode squeeze operator [34] [35] [36] [37] [38] , with the complex squeezing parameter given by ζ(t) = iγ(t)e 2iµ e −2iν(t) , where
These results determine the evolution operator V(t) up to a phase. Irrelevant though it is, the phase can be determined by integrating directly the evolution equation for V(t) or by considering the vacuum expectation value of V(t), with the result that
. Suppose now that the orthogonal mode |φ begins in vacuum, so that the initial extended catalytic state is |ψ ecs (0) = |α, φ(0) 0 ⊗|vac,φ(0) 1 . Then the extended catalytic state at time t is
The physical state at time t follows from projecting onto the N -particle sector, as specified by Eq. (2.8), giving
The matrix elements of the squeeze operator can be evaluated explicitly (only even values of M have nonzero matrix elements), but we do not bother with that here, noting instead that the Bogliubov approximation requires that these matrix elements be small for M ≥ 2. A more quantitative statement is that these matrix elements must be 1/ √ N for M ≥ 2, which translates to small squeezing with |γ(t)| 1/ √ N or |ξ(t)| 1/N 3/2 . In practice, since the elements of G are nearly equal (they typically differ only by small differences in scattering length for the hyperfine levels), the smallness of |ξ(t)| or |η(t)| is governed by the difference in the probability densities for the two internal levels, |φ 1 (x)| 2 and |φ 2 (x)| 2 ; roughly speaking, the Bogliobov approximation requires that the two hyperfine levels not be separated spatially.
If |ξ(t)| becomes too large, perhaps due to spatial separation of the internal levels, one can do a better job by returning to the Hamiltonian (3.63) and recalling that it arises, in the Bogoliubov approximation, from replacing a φ and a † φ by α and α * in the original Schrödinger-picture Hamiltonian. Restoring, in normal order, the creation and annihilation operators for the condensate mode toK(t) gives a Kerr-like interaction between the condensate mode |φ and the orthogonal mode |φ ,K
Letting α 1 /α = cos(ϕ/2) and α 2 /α = sin(ϕ/2), we have, from Eqs. (3.10) and (3.11), b 1 = b 1,φ 1 = a 0 cos(ϕ/2) + a 1 sin(ϕ/2) and b 2 = b 2,φ 2 = a 0 sin(ϕ/2) − a 1 cos(ϕ/2) and thus
Thus the condition for the model to be consistent is that the condensate mode be an equal superposition of the two internal levels, i.e., ϕ = π/2, or nearly so. The combination of the GP equations (3.30) for evolving the spatial mode functions and the Hamiltonian (3.77) to evolve the two-mode state in the case of an equal superposition of the internal levels is called the twocomponent formalism (or two-mode approximation) [12, 39, 40] . The two-mode approximation is more robust than the Bogoliubov-approximation squeezing results summarized in Eq. (3.74). In the context of condensates isolated in fairly well separated trapping potentials, very recent work has analyzed the effect of including four macroscopically excited modes, two in each well [41] .
The J 2 x term inK ss is the so-called one-axis-twisting Hamiltonian [42] ; it induces spin squeezing in states that are initially maximally polarized along the spin z axis, as is the case for an initial state that has all N particles in the condensate mode |φ . The one-axis-twisting Hamiltonian is widely used to generate spin squeezing in BECs [30] [31] [32] [33] . Of particular relevance to our formulation are analyses of the interplay of spatial and spin dynamics [43] [44] [45] ; in addition, Sinatra et al. [46] showed that the amount of squeezing is bounded from above by the initial noncondensed fraction at finite temperature.
IV. SUMMARY AND CONCLUSION
In this paper we develop a new framework for deriving the number-conserving Bogoliubov approximation for a dilute-gas BEC. Our approach begins by introducing the extended catalytic state (2.4), a coherent state for the condensate mode and an arbitrary state for the modes orthogonal to the condensate mode. The physical state with exactly N particles is retrieved from the extended catalytic state by projecting into the N -particle sector, as in Eq. (2.5). To formulate the Bogoliubov approximation, we introduce the time-dependent interaction picture (2.18) in which the condensate mode is displaced to the vacuum. The field operators are thus of order N 0 , and we can organize the BEC Hamiltonian in powers of N −1/2 . Requiring the terms of order N 1/2 to vanish yields the Gross-Pitaevskii equation (2.33). Going to the next order, N 0 , gives the conventional Bogoliubov Hamiltonian of Eqs. (2.36) and (2.37). Introducing the auxiliary Hamiltonian (2.39) removes the unwanted phase diffusion from the conventional Bogoliubov Hamiltonian without affecting the physical state in the N -particle sector (to order N 0 ). The result is the number-conserving Bogoliubov Hamiltonian of Eqs. (2.54) and (2.55). Analysis of the dynamics under the number-conserving Bogoliubov Hamiltonian shows that its GP part (2.56) evolves the single-particle, spatial mode structure forward in time, and the remaining part (2.58) evolves the state of these modes. The result is the particularly simple form (2.91) for the Schrödinger-picture evolution at Bogoliubov order.
In Sec. III we extend our approach to BECs with two internal levels. This turns out to be largely a matter of using a spinor notation that puts the derivation into a form that mimics the single-component derivation of Sec. II. Because of this formal similarity, generalization to multiple hyperfine levels would be straightforward. In Sec. III B we specialize the Bogoliubov approximation to the two dominant modes, the condensate mode and the mode orthogonal to it in the same twodimensional subspace of the internal levels. We discuss how to generalize beyond the Bogoliubov approximation to the two-mode approximation for these two dominant modes, thus allowing a treatment of the spin squeezing of these two modes.
The number-conserving Bogoliubov Hamiltonian we find is identical to the one derived originally by Castin and Dum [10] . The chief difference between our approach and that of Castin and Dum is that they worked in the Heisenberg picture, whereas our derivation is carried out in the Schrödinger picture and a closely allied interaction picture. There are several reasons for presenting a new framework for a derivation of the same result. The first is the modest one that the new derivation might highlight assumptions from a different perspective and ease the way forward on different, but related problems. Indeed, in our approach, the Bogoliubov excitations are easily seen as excitations on top of a pure condensate mode that evolves according to the GP equation. The method we use for handling the phase diffusion that arises from assigning a phase to the condensate mode comes directly from re-asserting the number conservation that applies to a lossless BEC. A second reason is that working in the Schrödinger picture allows us to separate cleanly, within the Bogoliubov approximation, the evolution of the spatial mode structure from the evolution of the state of these modes. A central problem of dilute-gas BEC theory and of many other problems in many-body physics is how to do this separation appropriately, and our analysis can be instructive in how to formulate this separation. A third reason is that the Schrödinger picture allows us to identify the entanglement between the condensate mode and the orthogonal modes that are excited by the Bogoliubov Hamiltonian. In our approach, this entanglement arises when the extended catalytic state is projected into the N -particle sector to obtain the physical state of the BEC. The entanglement is something that can be analyzed easily in our Schrödinger-picture formulation, whereas even the proper formulation of entanglement is difficult in the Heisenberg picture.
These three reasons motivated our work on this topic. We trust that they justify its presentation to the wider scientific community.
